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ABSTRACT

We show that dimensional theoretical properties of dynamical systems
can considerably change because of number theoretical peculiarities of
some parameter values.

1. Introduction

In the last decades there has been enormous interest in geometrical invariants
of dynamical systems especially in the Hausdorff dimension of invariant sets like
attractors, repellers or hyperbolic sets and ergodic measures on these sets. A
dimension theory of dynamical systems was developed and nowadays the Haus-
dorff dimension seems to have its place beside classical invariants like entropy or
Lyapunov exponents.**

There are two main principles that form a kind of a guideline through the
dimension theory of dynamical systems. The first states the identity of the
Hausdorft and box-counting dimension of invariant sets. The second one is the
variational principle for Hausdorff dimension which states that the Hausdorff di-
mension of a given invariant set can be approximated by the Hausdorff dimension

* Supported by “DFG-Schwerpunktprogramm - Dynamik: Analysis, effiziente Sim-
ulation und Ergodentheorie”.

** We refer to the book of Falconer [6] for an introduction to dimension theory and

recommend the book of Pesin [17] for the dimension theory of dynamical systems.
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of ergodic measures on these sets or in a stronger form states the existence of an
ergodic measure of full Hausdorff dimension on an given invariant set. In many
situations these principles are essential to determine the Hausdorff dimension
of an invariant set and for relating this quantity to other characteristics of the
dynamics like entropy, Lyapunov exponents and pressure.

For conformal repellers we know that the identity of Hausdorff and box-
counting dimension holds and that there exists an ergodic measure of full Haus-
dorff dimeunsion (see chapter 7 of [17]). For hyperbolic sets of diffeomorphisis
the variational principle for Hausdorff dimension does not hold in general (see
(13]). But again, if the system is conformal restricted to stable resp. unstable
manifolds, there exists an ergodic measure of full dimension for the restrictions
and the identity of box-counting and Hausdorff dimension of the hyperbolic set
holds (see again chapter 7 of [17]). In the non-conformal situation there is no
general theory this days that allows us to determine the dimensional theoretical
properties of a given dynamical system. But there are a lot of results for special
classes of systems that state that the variational principle or the identity of box-
counting and Hausdorff dimension or both hold at least generically in the sense
of Lebesgue measure on the parameter space (see for instance [5], [21], [15], [24],
(23]). In this paper we focus on such classes of systems.

We will show that in situations where there generically exists an ergodic mea-
sure of full Hausdorff dimension, the variational principle for Hausdorff dimension
may not hold in general because of a number theoretical peculiarities of some pa-
rameter values (see Theorem 2.1 below). Furthermore, we will show that the
identity of box-counting and Hausdorff dimension may drop because of number
theoretical peculiarities in situations where this identity generically holds (see
Theorem 2.2 below). Our example for the first phenomena is the Fat Baker’s
transformation and our example for the second phenomena, is a class of self-affine
repellers. Both classes of systems are very simple, but it seems obvious to us
that the same phenomena appear as well in more complicated examples; also,
this would be of course harder to prove.

All our results are related to a special class of algebraic integers, namely Pisot—
Vijayarghavan numbers* (in brief, PV numbers), and they are in some sense
the consequence of a generalization of results of Erdos [4], Garsia ([7], [8]) and
Alexander and Yorke [1] on the singularity and dimension of conveniently con-
volved measures which has been proved by Lalley [12]. We think that from the
viewpoint of geometric measure theory and algebraic number theory this result

* See Appendix B at the end of this work.
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is interesting in itself (see Theorem 4.1 below).

The rest of the paper is organized as follows. In section 2 we define the sys-
tems we study, state our main theorems about these systems and comment on
our results. In section 3 we introduce coding maps for our systems and find
representations of all ergodic measures using these codings. In section 4 we de-
fine a class of Borel probability measures associated with PV numbers (Erdos
measures), introduce a kind of entropy related to this measure (Garsia entropy)
and state the main theorem about the singularity, the Garsia entropy and the
Hausdorff dimension of Erdés measures. The proof of Theorem 2.1 is contained
in section 5 and the proof of Theorem 2.2 can be found in section 6.

In Appendix A we collect some basic facts in dimension theory and in Appendix
B we define PV numbers and present a table with examples of these algebraic
integers.

ACKNOWLEDGEMENT: [ wish to thank Jorg Schmeling who helped me a lot to
find the results presented here.

2. Basic definitions and main results

For 8 € (0.5,1) we define the Fat Baker’s transformation fg: R x [-1,1] —
R x [-1,1] by

_ [t (1-p)2y—1) ify>0,
f”(x’y)_{<ﬂz—(1—ﬂ>,2y+1> ify <0.

This map was introduced by Alexander and Yorke in [1]. It is called Fat Baker’s
transformation because if we set 8 = 0.5 we get the classical Baker’s transforma-
tion.
It is obvious that the attractor of fz is the whole square [—1,1]? which has
Hausdorff and box-counting dimension two. We always restrict fz to its attractor.
Now we state our main result about the Fat Baker’s transformation.

THEOREM 2.1: If 8 € (0.5,1) is the reciprocal of a PV number, then the vari-
ational principle for Hausdorff dimension does not hold for ([-1,1]%, fg), i.e.,
{dimg p: p fg-ergodic} < 2.

Remark 2.1: Theorem 2.1 is an extension of the result of Alexander and Yorke
[1] which states that the Sinai-Ruelle-Bowen measures for ([—1,1]%, f3) do not
have full Rényi dimension.
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Remark 2.2: It follows from [1] together with Solomyak’s theorem about
Bernoulli convolutions [22] that for almost all 8 € (0.5, 1) the Sinai-Ruelle-Bowen
measures for ([—1,1]%, fz) have full dimension. Thus our theorem shows that in
situations where generically there is an ergodic measure of full dimension, the
variational principle for Hausdorff dimension may not hold in general because
of special number theoretical properties of some parameter values. As far as we
know our theorem provides the first example of this type.

Now we come to our second class of examples. For 8 € (0.5,1) and 7 € (0,0.5)
we define two affine contractions on [~1,1]2 by

TP (z,2) = (Bz + (1 - B), 72+ (1 - 1)),
T2 (z,2) = (B = (1 = ), 72 = (1 - 7)).
From [10] we know that there is a unique compact self-affine subset Ag . of

[—1,1]? satisfying
A =T (Apr) UTEY (Ag,r).

Let Tp, be the smooth expanding transformation on
T (-1,1) U T2 ([~ 1,1]%)
defined by
T (z) = (TP Ye) ifze TP ([-1,1]?) fori=1,-1.

Obviously the set Ag; is an invariant repeller for the transformation T .. We
call the system (Ag ;,T3,,) a self-affine repeller.
Let us state our main result about the systems (Ag r, T3 ;).

THEOREM 2.2: Let 8 € (0.5,1) be the reciprocal of a PV number. For all
7 € (0,0.5) we have dimg Ag , < dimp Ag .. Moreover, if 7 is sufficiently small
there cannot be a Bernoulli measure of full dimension for the system (Ag ,Tp ,).

Remark 2.3: We know from [15] that for almost all 8 € (0,5,1) and all 7 €
(0,0.5) the identity

1
08 25 +1
log T

dimH Aﬂ’.,- = dimB A'37.r =

holds and that there is a Bernoulli measure of full dimension for (Ag ., T3 ).
Thus Theorem 2.2 shows that dimensional theoretical properties of dynamical
systems can considerably change because of number theoretical peculiarities.
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Remark 2.4: The fact that the identity of Hausdorff and box-counting dimen-
sion may drop because of number theoretical peculiarities was shown before by
Przytycki and Urbanski [19] in the context of Weierstrass like functions. Pollicott
and Wise [18] claimed (without proof) that the first statement of our theorem
follows for small 7 from the work of Przytycki and Urbanski. We were not able
to see that this is true and thus wrote down an independent proof which gives
explicit upper bounds on dimg Ag , (see section 6).

Remark 2.5:  We would like to mention that another interesting class of self-affine
sets (so called McMullen carpets) was analyzed by McMullen [14] and in a more
general setting by Gatzouras and Lalley [9]. Their result shows that the identity
of box-counting and Hausdorff dimension is not generic but exceptional for these
sets. On the other hand, the existence of a Bernoulli measure of full Hausdorff
dimension holds generally for McMullen carpets and allows the calculation of the
Hausdorff dimension of these sets. Also, the construction of McMullen carpets is
similar to the construction of the sets considered in our work. The dimensional
theoretical properties of the two classes of systems are very different and number
theoretical peculiarities do not play a role in the context of McMullen carpets.

Remark 2.6: We do not know if there exists an ergodic measure of full Hausdorff
dimension for the systems (Ag -, Tp,-) and we cannot calculate dimg Ag r in the
case that 8 € (0.5,1) is the reciprocal of a PV number. The second statement of
our theorem only shows that it is not possible to calculate dimy Ag » by means
of Bernoulli measures in this situation.

3. Coding maps and representation of ergodic measures

We first introduce here the symbolic spaces which we use for our coding. Let
L = {~1,1}2 and £t = {-1,1} . By pr, we denote the projection from %
onto £F. With a natural product metric 3 (resp. £*) comes a perfect, totally
disconnected and compact metric space. For w,v € Z (resp. u,v € N} and
to,t1,- .-+ ty € {—1,1} we define a cylinder set in ¥ (resp. £1) by

[to,t1y- s tuly = {(sk): Svpx =t for k=0, ..., u}.

The cylinder sets form a basis for the metric topology on ¥ (resp. £1). The
forward shift map o on X (resp. 1) is given by o((sx)) = (sx+1). The backward
shift 0~! is defined on ¥ and given by o((sy)) = (sx_1). By b for p € (0,1)
we denote the Bernoulli measure on ¥ (resp. 1), which is the product of the
discrete measure giving 1 the probability p and —1 the probability (1 — p). We
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write b for the equal-weighted Bernoulli measure 6%°. The Bernoulli measures
are ergodic with respect to forward and backward shifts (see [3]).

We are now prepared to define the Shift coding for the Fat Baker’s transfor-
mation ([—1,1]%, f3). Define a continuous map #g from ¥ onto [-1,1]% by

fp(@) = (1-B)Y_wB* Y i-x(1/2)").
k=0 k=1

A simple check shows that
faorg(i) =rgoo (i) Vie X = (Z\{(sk): TkoVk < ko:sxp=1}HU{(1)}.

Note that if x is a o-invariant Borel probability measure on X we have u(3) = 1.
From this fact, by applying standard techniques in ergodic theory it is possible
to show that the map
P pg =[O 7?[;1

from the space of o-ergodic Borel probability measures on X is continuous with
respect to the weak™ topology and is onto the space of fz-ergodic Borel proba-
bility measures on [—1,1]%. Moreover, the system ([—1,1], fz, 15) is a measure
theoretical factor of (£,07%, ).

Now we introduce a shift coding for the self-affine repeller (Ag ,,Tp,-). Con-
sider the homeomorphism 7g ,: 7 — Ag , given by

mar®) = (-8 L it (-0 Y i)
k=0 k=0

It is easy to see that mg , oo = Tg . 0 0. Thus the system (Ag ., Ty ) is homeo-
morph conjugated to (X, o) and the map

Jo— g = pomg

is 8 homeomorphism with respect to the weak* from the space of g-ergodic Borel
probability measures on £¥ onto the space of Tp ,-ergodic Borel probability
measures on Ag tqu.

4. Erd6s measures and Garsia entropy

For 3 € (0.5,1) define a continuous map from L+ onto [—1,1] by

mp(D) = (1-B) ) inB".
k=0
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Given a Borel probability measure v on ©* we define a Borel probability measure
on [-1,1] by yg = vongz'. If we choose the Bernoulli measure b on Lt for a
p € (0,1), then b’;; is a self-similar measure which is usually called a Bernouili
convolution. There are many results in the literature about Bernoulli convolu-
tions and we cannot cite all of them here. Instead we refer to the nice overview
article by Peres, Solomyak and Schlag [16].

In our work we are not only interested in Bernoulli convolutions but in all
measures vg where v is a o invariant Borel probability measure £ and § €
(0.5,1) is the reciprocal of a PV number (see Appendix B). We call a measure of
this type an Erd6s measure.

Now we introduce a special kind of entropy related to Erdés measure. What we
do here is generalize the approach of Garsia ([7], [8]) for Bernoulli convolutions
to all Erdds measures. Let ~, 5 be the equivalence relation on X% given by

n—1 n—1

ivng e Y W= kb
k=0 k=0

and define a partition I, g of £t by II,, g = £%/ ~,, 5. Recall that entropy of a

partition IT with respect to a Borel probability measure v on £V is

H,(II) = - Z v(P)logv(P).
Pell
We denote the join of two partitions IT; and II5 by II; VII5. This is the partition
consisting of all sections AN B for A € II; and B € II,. It is easy to see that
I, 3V o "(Ilng) is finer than the partition 11,4 g and hence the sequence
H, (11, g) is sub-additive for a shift invariant measure v on £*. We can thus

define the Garsia entropy Gg(v) for a shift invariant Borel probability measure
v on Lt by

Gﬁ(f/) — lim Hu(Hn,,B) —inf HV(Hn,B)

n-—>00 n n n
The limit exists and is equal to the infimum since the sequence H,(I1,, g) is sub-
additive. Another simple consequence of the sub-additivity of this sequence is
that the map

vi— Gg(v)

is upper-semi-continuous with respect to the weak* topology on the space of o
invariant Borel probability measures on X¥.

We are now prepared to state the main theorem about Erdos measures and
Garsia entropy which is essentially based on the work of Lalley {12].
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THEOREM 4.1: Let 8 € (0.5,1) be the reciprocal of a PV number. For all o-
ergodic Borel probability measures v on $% the following equivalence holds:

vp Is singular & G(v) < —log f & dimpg vg < 1.

Moreover, the set of o-ergodic measures Borel probability measures v on &%
such that vg is singular is open in the weak* topology and contains the Bernoulli
measures b for p € (0,1).

Proof:  From Proposition 3 of [12] we know that

Gp(v)
log 8

dimg vg < —
and from Proposition 5 of [12] we have
vg singular = dimg vg < 1.

Now note that dimgy vg < 1 obviously implies the singularity of vg3. Thus we get
the equivalence stated in Theorem 4.1.

Now choose a singular Erdos measure 3. We have Gg(£) < log~!. By
upper-semi-continuity of G we get G(v) < log 87! and hence dimvg < 1 for all
v in a hole weak™ neighborhood of £&. Thus the set {v: vg is singular} is open in
the weak™ topology.

It has been shown by Erdos [4] that the equal-weighted Bernoulli convolution
bs is singular if 8 € (0.5,1) is the reciprocal of a PV number and the argument
has been extended to all Bernoulli convolutions in Proposition 2 of [12]. |

Remark 4.1: Using the result of Erdds [4] about the singularity of the equal-
weighted Bernoulli convolution bg, Garsia [7] proved Gg(b) < — log 8. From this,
Alexander and Yorke [1] deduced that the Rénji dimension of bg is less than one.

Remark 4.2: The PV case is exceptional. It was shown by Solomyak [22] that
for almost all § € (0.5,1) the Bernoulli convolution bg is absolutely continuous
with density in L2.

5. Proof of Theorem 2.1

The proof of Theorem 2.1 follows from Theorem 4.1 and two propositions pro-
viding upper estimates on the Hausdorff dimension of all ergodic measures ug
for the Fat Baker’s transformation fg. It can be found at the end of this section.
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ProPOSITION 5.1: If p is a shift ergodic Borel probability measure on ¥ and
B € (0.5,1), we have

dimgr pg < 14+ < Gglpry(n))/ —log B

where pr, denotes the projection from ¥ onto £*.

Proof: By Proposition A1 of Appendix A and the definition of the Hausdorff
dimension of a measure, we have dimg g < 1+dimg prxpg where prx denotes
the projection onto the first coordinate axis. Just by the definition of the involved
measures we have prxug = (pryp)s and hence dimg pg < 14 dimpg(prop)s.
The proposition follows now immediately from Proposition 3 of [12]. ]

PROPOSITION 5.2: If p is a shift ergodic Borel probability measure on ¥ and
B € (0.5,1), we have
dimg pg < 14 < hy(0)/ log2

where hy, (o) is the usual measure-theoretic entropy of the shift (¥, 0, j1).

Proof: By Proposition Al and the definition of the Hausdorff dimension of a
measure, we have dimg pg < 1+ dimpy pry g where pry denotes the projection
onto the second coordinate axis. By definition, we have pryus = pgopry’ =
po frgl o pr;l. By the properties of the coding map 7g it is easy to check that
this measure is ergodic with respect to the map f:[-1,1] — [—1,1] given by

ﬂw‘{@+1iw<a

Thus the Hausdorff dimension of pry pg is well known (see [17]),

hpryu/zi (f) .

dimg pry g = log 2

Moreover, we know that ([—1,1], f,pryug) is a measure theoretical factor of
([~1,1)2, fs, g) and that this system is a factor of (X, o, u). Hence we get by well
known properties of the entropy (see [3]) hppy s (f) < hy(o), which completes
the proof. |

Proof of Theorem 2.1: From Theorem 4.1 and the upper-semi-continuity of Gg
we get Gg(prtu)/log8~! <c¢; <1 for all y in hole weak™ neighborhood U of b
in the space of g-ergodic Borel probability measures on ¥. Hence by Proposition
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6.1, dimpg g < ¢1+1 < 2 holds for all ¢ in U. On the other hand, we have by well-
known properties of the measure theoretical entropy, h,(c)/log2 < ¢z < 1 on the
complement of U (see [3]). From Proposition 6.1 we thus get dimg pg < co+1 < 2
for all  in the complement of U. Putting these facts together we obtain

dimpy pg < max{ci,c2} +1 < 2 =dimg[-1, 12

But we know that all ergodic measures for the system ([—1,1)?, fz) are of the
form pg for some o-ergodic Borel probability measures p on ¥, and the proof is
complete. |

6. Proof of Theorem 2.2

The proof of Theorem 2.2 has a lot of ingredients, a formula for dimpg Ag , found
in [18], a formula for dimg by , found in [15], Theorem 4.1 and the following two
propositions giving upper bounds on dimg Ag r.

ProvposiTiON 6.1: If 8 € (0.5,1) is the reciprocal of an PV number and 7 €
(0,0.5), we have

IOg(EPeH,. , (np)log B/ log ™)
nlog 81

where I1,, g is the partition of £ defined in section 4 and §P denotes the number

dimgy Aﬁ; < ¥Yn>1

of cylinder sets of length n contained in an element of this partition.

Proof: Fix a reciprocal of a PV number § € (0.5,1) and 7 € (0,0.5). Let n > 1
and set

IOE(ZPEHW (fP)tosP/oeT)
tn = nlog B! '

Consider the set of cylinders in X% given by

Cp = {[5152.. . Bmlo: & € {~1,1}"i=1,...,m}.

Define a set function 5 on C,, by

_ ﬁp(g)logﬂ/log‘r -
S = ——T——’ﬂ " and
(8182 . .. 8m]o) = n([81)0) - n([32]0) - .- - n([8m]o)
where §, 5, ..., 8n are elements of {—1,1}" and P(§) denotes the element of the

partition II, g containing the cylinder [5]o.
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Note that Cy, is a basis of the metric topology of £* and that 3", _; 1y n([5]o)
= 1 by the definition of u,,. Thus we can extend 7 to a Borel probability measure
on Zt and g, :=no wglr defines a Borel probability measure on Ag ,.

Given m > 1 we set g(m) = [m(log3/log7)]. Given a §; € {-1,1}" for
t=1,...,m we define a subset of Ag ; by

={O_si(1- BB _ti(1 = 1)) siyts € {~1,1}
31=0

=0
(8(i—1)ns+--»8in—1) =5 4=1,...,m and
(t—1yns - tinm1) =8 i=1,...,q(m)}.
We see that R 3, is “almost” a square in Ag, of side length 4™". More
precisely we have

(1) 1™ < diamRg, . 5, < c2f™"

where the constants cy, ¢z are independent of the choice of s;.

Now let us examine the ng ; measure of the sets Rs, . 3.,

Assume that t; ~y, g §; for i = g(m) +1,...,m where ~, g is the equivalence
relation introduced in section 4. The rectangles mg - ([31 . . . S¢(m)tq(m)+1- - - tmlo)
are all disjoint and lie above each other in the set R;, ;. Hence we have

8, (Rs,. 5,) 277( U 7,7 ([81-- - Bqtm)lq(m)+1 - - - fm]O))

ti~ng g5; i=g(m)+1,....m
= Z 7]([§1 N §q(m)fq(m)+1 .o Em]O)
tivn 58 i=q(m)+1,...,m
Using the fact § ~, g t = §P(3) = §P(f) = n([5]o) = n([t]o), this last expression
equals

m
JJEEN) > 1
=1 fiNnyﬁé'i i=q(m)+1,u.,m
m ﬂP(gi)IOgB/IOgT — .
g S s Y
=1 ti~gn, 38 i=q(m)+1,...,m

P(5,)l088/ log 7
- 1= IlTﬁqw(L) J prrn = (5.5, 8 )™

where

¢~ ] _(H lup( )logﬁ/logr)/
T ERNTICH
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Now fix an € > 0. We use the sets Rz .5, to construct a good cover of Ag - in
the sense for Hausdorff dimension. To this end set

m = {R§1§m: ¢§1§m _>_ ﬁn6}~

We have an upper bound on the cardinality of Ry,. If R € R,, then 7g ,(R) >

Bm™unt€) and since ng , is a probability measure we see that
(2) card(Ry,) < fmmn(unte),

Now let R(M) = U,,> s Rm- We want to prove that R(M) is a cover of Ag , for
all M > 1.

For s = (sx) € X1 we define the function ¢m by ¢m(s) = @sg..5,n_:- 1N
addition, we need two auxiliary functions on X%:

[T 4P ((Sii—1)n» - ey Sin_1)) ™
TTE™ 4P (3 1yms - - - » Sin_1)) /2™

q(m) 1/q(m)(log B log r—q{m)/m)
( H ﬂP((S(i—l)na'--’Sin—l))) .
=1

fm(ﬁ) =

Since 1 < §P(5) < 2™ we have 1 < gp,(s) < 2n(gB/logr—a(m)/m)  Thys by the
definition of ¢(m) we have gp,,(s) — 1. Moreover, we have My, o0 fm(8) > 1
because Hi:O BP((si1my ..., 8in—1))t > 1Vt > 1.
A simple calculation shows ¢, (s) = (fm(s))°8#/1987 g, (s). The properties of
f and g thus imply
lim, _eopm(s) >1 VseX™.

This will help us to show that R(M) is a cover of Ag ;. Foralls = (s;) € T there
is an m > M such that ¢,,(s) > B™¢ and thus ng .(s) € Rs,,... sny € R(M).
Since mg » is onto Ag , we see that R(M) is indeed a cover of Ag,,.

We are now able to complete the proof. For every ¢ > 0 and every M € N we
have

Y (diamR)*~? = Y~ )" (diamR)*nt

RER(M) m>M RERm
S(l) Z Z (czﬂmn)un+Ze: Z Card(Rm)(Czﬁmn)un+2e
m>M RER,, m>M

<(2) 61211;+25 Z ﬂmne.

m>M
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The last expression goes to zero as M — 0. By the definition for Hausdorff
dimension we thus get dimg Ag . < upn + 2¢ and, since ¢ is arbitrary, we have
dimg Ag’f < Up. [ |

Remark 6.1: Some ideas we used here are due to the proof of McMullen’s
theorem on self-affine carpets [14] by Pesin in [17).

Now we use properties of PV numbers to get the following estimate:

PRrROPOSITION 6.2: If 8 € (0.5,1) is the reciprocal of a PV number and T €
(0,0.5), we have

log(Epenn,ﬂ (fp)'osp/loT) log(283/7)
nlogB-1 < log(1/7)

Proof: Fix B. Define m,, from I+ to [—1,1] by m,,((sx)) = Z;é sk(1—B)B* and
let b, = bow; 1. Let §(n) be the number of distinct points of the form ZZ;; +(1-
B)B* and w(n) be the minimal distance between two of these points. Furthermore,
denote the points by z?, i = 1,...,#i(n) and let P be the corresponding element
in Enﬂﬂ.

Since bg is singular, we have VC € (0,1) Ve > 0 3 disjoint intervals
(a1,b1), ..., (ay,by) with

ANeNVn >N

U

Z(b[ —a;) <e and bg(0O) > C where O := U(a,, bi).

=1 =0

Without loss of generality we may assume bg(a;) = bg(li) =0forl=1,...,u.
It is obvious that the discrete distribution b, converges weakly to bg. Thus we
have 3n;i(e, C) ¥n > ni(e, C): b,(0) > C. We now expand the intervals a little
bit, so that their length is a multiple of w(n).

kipn = max{k: kw(n) < ai}, ain:= ki w(n),
ki = min{k: b < kw(n)}, bin = kinw(n).

Since w(n) — 0 we have
Iny(e, C) > ni(e, C) Yn > ny(e, C): (arn, by ) disjunct for I=1,...,u

and

uw

Z(bl’" — az,n) <€ and bn(O) > C where O = U(al,n,bl,n)‘

=1 =0
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Let ﬁ(n) be the number of distinct points z* in O. Since in one interval (@10, b1n)
there are at most ky , — ki, points =7, we have w(n)&(n) < €. But we know from
Lemma 1.6 in [7] that there is a constant ¢ > 0 such that w(n) > ¢8" and hence

#(n) <cf™ and f§(n) < ecf™"

for some constant ¢ > 0. Since b(P:) = §P:/2" it follows from b,(0) > v that
there is a subset I1,, 3 of Il, g with f(n) elements such that

Z $P > C2".
Peﬁn,ﬂ

Now we estimate

Z (ﬂp)logﬂ/logT: Z (ﬁP)logﬂ/logr_J’_ Z (ﬁp)logﬂ/log-r

Pell, 5 Pefl, 4 Pell, g\, g

S&(n)l—logﬁ/log‘r< Z ﬁP

)logﬁ/ log T
Pel:-[n,ﬂ

R log B/logT
+ ttn) = by s/ 50 )

Pell, s\, g
< (ecﬁ—n)l—logﬂ/logrznlogﬁllog‘r + (Cﬁ—n)l—logﬂ/logr((l _ 0)2)nlogﬁ/logr

— 6n(logﬂ/log‘r—1)2nlogﬂ/logr((ec)l——logﬂ/log'r + Cl—logﬂ/logr(l _ C)log,B/logT)'

Now choose ¢ and C such that

((ec)l—logﬁ/logf + Cl—logﬁ/logr(l _ C)logﬂ/logr) < 1.

For all n > na(e, C) we have

IOg(ZPen,, B(ﬂp)logﬂ/ o8 7)

nlog g1
10g(2/3/7_) N log((ec)l—log B/logT + cl-log B/logT (1 _ C)log B/log T)
log(1/7) nlog -1 '
The last term in this sum is negative and hence our proof is complete. i

Proof of Theorem 2.2: From [18] we know that the box-counting dimension of
Ag - is given by log(26/7)/log(1/7). Thus Proposition 6.1 and 6.2 immediately
imply dimg Ag , < dimp Ag; if B € (0.5,1) is the reciprocal of a PV number.
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This is the first statement of Theorem 2.2. Now the second statement remains
to be proven. The following dimension formula for the Bernoulli measures b’g’T
on Ag - is a corollary of Theorem II of [15],

! —p) log(1 — ;
_ plogp+ (1 — p) log( p)+(1_logﬂ

dimg b%
1 O logT ogT

T ) dimH b%

Thus we have, by Theorem 4.1, dimyg b}é,r < 1forallpe (0,1)if 8 €(0.5,1)is
the reciprocal of a PV number and 7 is small enough. But, on the other hand,
we have dimg Ag . > 1 since the projection of Ag . on the first coordinate axis
is the whole interval [—1,1]. This proves the second statement of our Theorem

2.2. |

Appendix A: Basic facts in dimension theory

In our work we denote the Hausdorff dimension of a set Z C R? by dimyg Z and
the box-counting dimension (Minkovsky dimension) by dimg Z. The Hausdorff
dimension of a Borel probability measure y on R? is given by

dimg p := inf{dimg Z|u(Z) = 1}.

We refer to the books of Falconer [6] and Pesin [17] for the definition and the
interpretation of these quantities. We summarize some basic properties of the
dimensions in the following proposition.

ProroOSITION Al: For all Z C R? we have:
(1) dimp Z < dimp Z.
(2) If I is an interval then dimy(Z x I) = dimy Z + 1.
(3) If f is Lipschitz then dimg f(7) < dimg Z.

Appendix B: Pisot—Vijayarghavan numbers

A Pisot-Vijayarghavan number (in brief, PV number) is by definition an
algebraic integer whose algebraic conjugates all lie inside the unit circle in the
complex plane. Salem [20] showed that the set of PV numbers is a closed subset
of the reals and that 1 is an isolated element.

In our context we are interested in numbers 8 € (0.5, 1) such that 3~! is a PV
number. We list some examples including all reciprocals of PV numbers with
minimal polynomial of degree two and three and a sequence of such numbers
decreasing to 0.5.
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Table 1. Reciprocals of PV numbers

?+z—1 (V5 —1)/2
B+l 4+r—1 0.5436898. ...
422 -1 0.754877 . ..

2 +r—-1 0.6823278. ..

3 —z? 42z -1 0.5698403. . .
zt-23 -1 0.7244918. ..
"+t +z-1| r,—05

Important properties of PV numbers are that their powers are exponentially
near integers (see [4]) and that the number of distinct points of the form

Z;; +4* is given by A" + O(1) (see 7] and [19]). Finally, we mention that
there is a book devoted to Pisot and Salem numbers [2]. Certainly the reader will
find much more information about the role of these numbers in algebraic number
theory and Fourier analysis in this book than we have provided here.
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